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Abstract

We propose a framework to evaluate the random-coding union bound with parameter s (RCUs) on
the error probability achievable in the finite-blocklength regime for a pilot-assisted transmission scheme
operating over an imperfectly synchronized and memoryless block-fading channel. Unlike previously
reported results, our framework does not assume perfect synchronization. Instead, we take advantage
of the pilots for both synchronization and channel estimation. Additionally, we utilize the saddlepoint
approximation to provide a numerically efficient method for evaluating the RCUs bound in this scenario.
Our numerical experiments show that the saddlepoint approximation accurately represents the RCUs
bound over a wide range of parameters. Furthermore, with the suggested synchronization algorithm, the
SNR penalty of the imperfect synchronization at the target packet error probability 10~° is observed to
be about 0.6 dB.

I. INTRODUCTION

The rapid advancement of electronic devices has paved the way for the rise of novel
applications like remote surgery [1], [2], factory automation [3] and autonomous driving that
significantly impact various aspects of people’s lives. However, these applications generate
substantial data traffic, posing a formidable challenge for current cellular communication
technologies to address. The total mobile data traffic is projected to reach 329 exabytes per
month by the end of 2028, a significant increase compared to the 93 exabytes per month recorded
in 2022 [4]. Handling the different requirements of these applications is a difficult task and
5G is envisioned to support all these requirements [5]. One interesting scenario, denoted as
ultra-reliable low-latency communication (URLLC), is designed for mission-critical applications
targeting 99.999% reliability with end-to-end latency as low as 1 ms [6]. Moreover, 6G is targeting
even higher reliability, with the goal of achieving 10 — 107 packet error rate with a more

stringent latency constraint [7], [8].
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A key feature of URLLC traffic is the frequent use of small information payloads accompanied
by short packets which consist of a limited number of encoded symbols. To understand the need
for short packets, it is important to remember that the size of a data packet is determined
by the available bandwidth and the signal duration. In URLLC, the duration of the signal is
constrained due to the latency requirements imposed by specific applications such as automated
factory control and critical internet-of-things services. This limitation on signal duration is crucial
to ensure timely and responsive communication. Additionally, the available bandwidth is often
limited in URLLC scenarios, since the transmission of multiple users needs to be orthogonalized
in order to mitigate multiuser interference. Such interference can have a detrimental effect on
the packet error probability and overall system performance. Therefore, the allocation of limited
bandwidth resources becomes a critical factor in URLLC communication. The conventional
asymptotic performance metrics commonly employed in the design of communication systems,
namely the ergodic and outage rates, are not suitable for the short-packet regime [9]. Therefore,
there is a need for a more accurate characterization of the tradeoff between transmission rate and
error probability in order to address the specific requirements of short-packet communications.

Due to the use of short packets in URLLC, the field of finite-blocklength information theory
gained significant attention over the last decade, particularly following the seminal work from
Polyanskiy [10]. This theory offers a precise understanding of the tradeoffs in the non-asymptotic
upper (achievability) and lower (converse) bounds on the minimum error probability for a given
SNR, transmission rate, and packet size. These bounds offer valuable insights into the limits of
a communication system’s performance when operating with finite blocklengths.

In this paper, we focus on communication over memoryless block-fading channels with imper-
fect synchronization. We propose a computationally efficient method based on the saddlepoint
approximation technique [11], to evaluate the random coding union bound with parameter s
(RCUs) proposed in [12]. This bound is particularly well-suited for communication over fading
channels due to its ability to provide achievable results applicable to both the optimal noncoherent
maximum-likelihood (ML) decoder and more practically significant decoders that utilize pilot-
assisted transmission (PAT) [13]. One such example is using the pilots for delay and channel
estimation, and then treating these estimates as perfect via the use of scaled nearest-neighbor
(SNN) decoder [14]. Approximation methods such as the one proposed in this paper are necessary
since evaluating the RCUs bound (and other available information-theoretic error-probability

bounds) for scenarios of interest for URLLC can be extremely computationally expensive [15],
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[16]. Indeed, due to this complexity, the RCUs bound is not feasible to be used directly within
URLLC optimization routines such as resource-allocation [17], [18] and scheduling algorithms
[19], [20].

State of the art: In the literature, the most common approach while benchmarking a URLLC
system is either assuming perfect channel state information and synchronization at the receiver
or assuming perfect synchronization and only dealing with imperfect channel estimation. In
both cases, the random variable whose tail probability is of interest can be written as a sum
of independent random variables. Then this tail probability can be approximated by a Gaussian
tail probability using central-limit theorem. This approximation is typically called the normal
approximation [10]. Typically, the normal approximation proves to be accurate when dealing with
moderate error probabilities and when the transmission rate approaches the channel capacity [21].
Since this is not a viable assumption in URLLC, this approximation does not provide an accurate
characterization of the RCUs bound for the error probabilities relevant for the URLLC regime
[12], [22].

A much more accurate approximation (e.g., [21], [23], [24]) can be obtained through the
saddlepoint method which consists of applying normal approximation over a tilted distribution
[11], [25]. For the case of the optimal ML decoder, the saddlepoint approximation is studied in
[21]. The authors of [24] have provided an analysis using saddlepoint approximation of RCUs
bound for PAT transmission, SNN decoding over SISO and MIMO channels. In [13], [22] the
saddlepoint approximation for PAT transmission and SNN decoding over massive MIMO is
computed when only one fading block is available. This work has been extended for the case
of multiple fading blocks in [16].

All of the aforementioned references assume perfect synchronization in their system model
which simplifies both normal and saddlepoint approximations. When synchronization is im-
perfect, the underlying assumption that has been made in these approximations (i.e., received
vector having independent symbols per channel use), does not hold anymore. As explained in
[11, Ch. 6], it is possible to derive a saddlepoint approximation when the tail probability of
interest is written as a sum of dependent random variables, and its usefulness in the general
case will be investigated in this work. As we shall see, the imperfect synchronization causes
the random variables to be dependent in a structured manner which we take advantage of and
derive a saddlepoint approximation for the tail probability of a Markov chain, which has also

been studied in [11, Ch. 9].
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Contributions: In this paper, we provide a framework that takes imperfect synchronization
into account to provide design guidelines for the URLLC regime. To do so, we have used the
RCUs bound for the case of PAT and SNN decoding. Both the synchronization and channel
estimation have been obtained imperfectly using the pilot symbols. We then show how the
imperfect synchronization causes the data symbols in a fading block to be dependent. Noting
that this dependence violates one of the fundamental assumptions of the previously reported
saddlepoint approximations for RCUs bound, we derive a saddlepoint approximation tailored for
this unique case. Our numerical analyses show that the saddlepoint approximation is accurate
for a wide range of parameters. Additionally, we observed that with PAT, the impact of the
imperfect synchronization diminishes as the number of diversity branches increases.

Notation: We denote random vectors and random scalars by upper-case boldface letters
such as X and upper-case standard letters, such as X, respectively. Their realizations are
indicated by lower-case letters of the same font. We use upper-case letters of two special fonts
to denote deterministic matrices (e.g., Y). To avoid ambiguities, we use another font, such as
R for rate, to denote constants that are typically capitalized in the literature. The circularly-
symmetric Gaussian distribution is denoted by CA (u,0?), where u and o* denote the mean
and the variance respectively. The superscripts (-)” and (-)¥ denote transposition and Hermitian
transposition respectively. We write log(+) to denote the natural logarithm, ||-|| stands for the ¢2-
norm, P[] for the probability of an event, E[-| for the expectation operator, * for the convolution
operation, 1(-) for the indicator function, and Q(-) for the Gaussian @)-function.

Organization of the paper: In Section II, we present our system model. In Section III, we
present a finite-blocklength achievability bound on the error probability. We then introduce the
saddlepoint approximation to efficiently evaluate this bound in the URLLC regime with imperfect
synchronization. In Section IV, we provide an example on how saddlepoint approximation can
be applied when BPSK constellation is used. In Section V, we discuss the accuracy of the
saddlepoint approximation and the impact of the imperfect synchronization with the help of

numerical examples. Concluding remarks are provided in Section VI.

II. SYSTEM MODEL
A. Overview

We consider pilot-assisted transmission of a uniformly distributed message over a single-input

single-output (SISO) block-flat-fading channel with unknown delay. The setup is illustrated by
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the block diagram in Fig. 1. The encoder maps the realization of the message W to a complex-

valued codeword, which in turn is split into the subcodewords as

T
= [ a0, ecm =0 m-1 M
where 7y, 1s the number of fading blocks used for transmission of the message. The subcodewords

are prepended by the pilot sequence

xnp—l

T
<) — [xém () ] c O )

to form ny, subpackets which are transmitted over different channel fading blocks. Hence, the /th
subpacket, which consists of n. = n,+ns pilot and data symbols, sees a flat-fading channel with
complex channel gain H,, where Hy,..., N, _; are ii.d.. However, all subpackets experience
the same propagation delay D, a fact which will be used in the synchronization algorithm'. We
assume that the transmitter and receiver are coarsely synchronized and model D as uniformly
distributed over [0, dpax], Where dp.x is @ known constant.

We assume that the data and pilot symbols are subject to the same power constraint
E[| X ?(2] = nep and [|x®)||2 = nyp. As is clear from (1) and (2), the packet consists of 77,
complex pilot and data symbols, and the codebook therefore contains [exp(nyn.R)| codewords,
where R is the rate in nats per complex symbol.

The receiver use knowledge of the pilot sequence to estimate the common channel delay and
the individual fading block gains. The receiver picks the codeword in the codebook that, after
being delayed and scaled with the delay and channel gain estimates, is at minimum Euclidean
distance to received vector. If the synchronization and channel estimation is error-free, this would
correspond to ML decoding (which minimizes the packet error probability when the message is

uniformly distributed). We finally define the packet error probability as

vp = P(W £ W) 3)

where W is the decoded message.
In the following subsections, we will define the pulse shaping and receiver processing

considered in this paper.

"This model covers, e.g., the case when we transmit the subpackets in parallel over sufficiently spaced subcarriers.
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Fig. 1: Block diagram of the system model.

B. Modulation and Waveform Channel

The continuous-time pilot signal, which is the same for all fading blocks, is formed as

np—1
2@ty =" aPs, (t — kt,) (4)
k=0

where s, () is a unit-energy square pulse with duration 7 defined as

o (t) = 1/\/T, tel0,7) | )

0, otherwise

The /th fading block data signal is

ns—1
xéd) t) = Z x,(;lgstp (t — kty, — nyty) (6)
k=0

and the (th subpacket signal is z(P)(¢) + xéd) (). Hence, the data symbols follows immediately
after the pilot symbols.

The received signal due to the /th subpacket is
Y,(t) = H, (x@) (t — D)+ 2" (t — D)) + Zy(t) (7)

where H, is the complex channel gain, D is the channel delay, and Zy(t),...,Z, 1(t) are
independent white complex Gaussian processes with power spectral density Ny. For convenience,

we set Ny = 1, and we can therefore interpret p as the SNR per pilot or data symbol.
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C. Synchronization and Channel Estimation

The first step in the receiver is to estimate the delay and channel gains. The synchronization
and channel estimation algorithm makes use of an upsampled version of the received signal. We

see from (4) and (5) that we can write the pilot signal as

Nnyp—1 Nnyp—1

Z Zi) Sts Z ) s, (t — nty) (8)

where the integer N > 1 is the upsampling factor, ¢, = ¢,/N, and

(p) _
®) \/LN”'ULZ/NJ’ n=0,1,...,Nn, — 1
mNJL:

0, otherwise

is a scaled and upsampled version of the pilot sequence. We can, of course, recover xl(\jf)n from

2®)(t) by sampling the output of a causal filter with impulse response s, (¢) and input (") (¢).

Indeed, the filter output is
Nnyp—1

(2P % 5, )( Z a:N nrts (t — nty) )

where 7, () is a triangular pulse with duration 2t and unit peak value,

t/ts, 0<t<t
re(t) = (se, % 8)(t) = S 1 —t/t,, t, <t <2 (10)
0, otherwise

Clearly, (p ) = (2@ % 5,)((m + 1)t,). However, for a sampling offset e € [0,,), we have that

e
(x@)*&J«ﬂz+1ﬁs+e)::(1—t:>x§% ;x§;+l (11)

which will be used later.
To capture the entire pilot signal from the received signal due to the /th subpacket, we take

M samples of the matched filter output

nﬁzowq@«m+nm, m=0,... M—1 (12)
where
dmax
M:{u}+%N (13)
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is sufficiently large, since the delay D € [0, dy,ax]. We form the received vector (for the purpose
of synchronization and channel estimation) as Y,” = [Yg,, ... ,Yl\%p_)lvé]T e CM. If we let D =

Qts + E, where Q € Z and F € [0, ), then from (11) and (12) we can write

Y," =v(Q,E)H, + C, + Z (14)
where
») ®) -7
v(g.0) = [xP(q) xPq+ ][ " (15)
i
») ») ®) g
Xy (q) = [OqT xl\ll),o $£,an—1 Ogd—q—an] (16)

Z, ~ CN(0,1y) is the noise vector due to Z,(t), and C, accounts for the interference due to

the data signal méd) (t).

In this paper, we choose to estimate the channel gains H = [ﬁo, cee f[nb_l]T and delay
D= Qts + E as
np—1
[H,Q.E) = arg min Y _[|¥,” —v(q,e)he]*. (17
hge -

Hence, we see that (17) is a least squares estimator which coincides with the ML estimator of
H and D if we can ignore the influence of C,. However, even for the case when C; # 0, the
numerical results presented below indicate that the mean square error of the estimator in (17)
approaches the Cramér-Rao bound as the SNR increases. Hence, the estimator appears to be
asymptotically efficient (just as we expect the ML estimator to be).

We note that the ¢th element of h = [hq, ..., h,, 1]7 affects only the (th term in the objective
function in (17). Hence, we can minimize the sum in (17) with respect to h by considering

(p) ()

each element in h separately. Given the observation Y,”’ = y,””, the h, that minimizes the cost

function in (17) can be written as a function of ¢ and e:

np—1
he(g.€) = arg min Y _[lyt” — v(7, &)l (18)
he k=0
= arg min|ly;” — v(g.€)h| (19)
he
=~ 5\H,(P)
_v@9 v 20)
Iv(g, )l
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Hence, we can estimate the delay parameters as

np—1

(g,¢] = argmin Y _ [ly” — v(7.2)h(q.2)| @1
e =0
Np— 1

= arg min Z ly”II” = 2Re{(y{")"v(@.@)he(@. @)} + V(@ 0)|*he(@ &) (22)

np—1 J— ()2 — g (P))2
|V(q7€)HyE ‘ |V(Q7 ) YE ‘
= ar mln 2R —_— + —_— 23
B in ) {\W@@W V@ )P @)
Cv(g, @)y
= arg max —_— (24)
7e % Iv(g,e)ll”
= arg max a((z, (_2) (25)
q.e b(q, e)
where
le—l
a(@e) =Y |v(geyPP, (26)
=0
b(q,e) = IIv(g, e)|*. 27)

For a fixed ¢ both a(g, e) and b(g, €) are second-degree polynomials in €. We find the extreme
points of a(q, e)/b(q, ), for a fixed g, by differentiating with respect to ¢ and finding the roots,
i.e., the solutions to

9a(@.8) _ b(@)a(3,7) — alg. ) (3.0)

de b(q, €) b(g, e)? -

We note that the roots are easily found, since the numerator of (28) is polynomial with degree 3

=0 (28)

(or less) in e. If (28) has a solution €* in the range (0, ), then (g, e*) is a candidate for (g, é).
We also consider the boundary points (g,0) and (q,ts) as candidates, since they might be the
solution of (25) in the case when no extreme point é* can be found in (0, ¢;) or when the extreme
points are minima points (instead of maxima). In passing, we also note that a(q,€)/b(q,é) is
not necessarily differentiable at € = 0, but this will not be a problem for the algorithm. Finally,
we find (¢, é) as the best element in D.

We are now ready to summarize the delay and channel estimation algorithm. Let D be the
set of candidates for (g,¢é). We initialize D as D = {(¢,0) : ¢ = 0,1,..., [dmax/ts]}. Next,
we find the solutions é* to (28) for each ¢ € {0,1,..., [dna/ts|}. If a solution €* is in the
range [0, ), then we add (g, e*) to D. We then find (g, é) as the entry in D that maximizes the
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Algorithm 1 Synchronization and Channel Estimation

Requn'e ts, dmax’ y[) )7}’( ) s 7y7("f;)—1

Ensure: A solution ¢, é, ho,hl, . ,fznb_l to (17)

D+ {(q,0):q=0,1,..., [dmna/ts]}
for g€ {0,1,..., [dma/t;]} do

for each root e* to (28) such that e* € (0,t,) do

add (g,e*) to D

end for
end for
(4, é) + element in D that maximizes the objective function in (25)
for /=0,1,...,n, — 1 do

he = v(@, )y /|Iv(g,e)|?

end for

objective function in (25). Finally, we use (¢, ¢) to compute hg, hl, cee ﬁnb,l according to (20).
Pseudocode for the algorithm is given in Algorithm 1.

To validate our algorithm, we computed the Cramer-Rao bound (CRB) and compared it with
Monte Carlo simulation results for different D = d and H = h. In all our simulations, both
the channel and delay estimation mean squared errors approach the CRBs as p increases. An
example of one such simulation is found in Fig. 2. The details of CRB evaluation can be found

in the Appendix A.

D. Codeword Decoding Phase
The codeword decoding phase makes use of the estimated delay and channel gain from the
previous phase to decode the transmitted data symbols. The input-output relationship for the kth
symbol in the /th block, assuming that the synchronization is not off by more than one symbol
(ie., |D— D| <tp) is
Yie = (Ye * gtp) (t>’t=ktp+nptp+ﬁ (29)

= Hg((l — A)ZL’;H_Aj + AZEkJ) + ij, (30)
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(a) Synchronization error (b) Channel estimation error

Fig. 2: Comparison of mean square error and CRB of the estimators for N = 20, n, = 1, dmax = 20, ¢, = 0, d = 8.34,
h = 0.835 — 0.53641.

where 3, (t) = s, (—t +t,), A =1~ (D — D)/t,, A = sign(D — D).
In the decoding process, the receiver tries to find the codeword in the codebook closest to the
received signal after scaling each part of the codeword corresponding to a different fading block

by the available channel estimate. Mathematically, given the received vector and the channel

estimates, the decoded codeword x = [X{,...,x] _,]” is determined as follows:
np—1
= argmin Y |lys — b 31)
i:[iOT,...,:‘ch_l]Tec —0
where y, = [yos, - - - ,yns_Lg]T and C is the codebook. This decoder, known as the mismatched

SNN decoder, coincides with the ML decoder only when the receiver has perfect channel state
information, i.e., hy = hy for { = 0,...,ny — 1 and perfect synchronization, i.e. 6 = 1.
This decoder, although not optimal, is practically relevant and also yields tractable analysis

of information-theoretic bounds [13].

IIT. A NON-ASYMPTOTIC UPPER BOUND ON THE ERROR PROBABILITY

We may evaluate the error probability as
epep:P()D—D‘ <1p) 61+P<‘b—D’ > 1) e (32)

where €, and ¢, are the probability of erroneous packet decoding when the synchronization is off

by less than and more than one symbol respectively. When the synchronization is off more than

2We have omitted the superscript (.)(¥) for the rest of the paper to keep the notation simple.
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one symbol, there is a minuscule probability of successful decoding since our decoder operates
under the assumption of perfect synchronization, By assuming the decoder cannot decode the
packet when synchronization is off more than one symbol, i.e. e = 1, we may bound the error
probability as

epepgqu—p‘ gtp) €1+]P)<‘D—D‘ >tp) (33)

In the next section, we will present the RCUs bound for ¢; and its corresponding saddlepoint

approximation.

A. The RCUs Finite-Blocklength Bound

Like most of the achievability results in information theory, the RCUs bound which we will
focus on in this paper is obtained by a random-coding argument. This means that instead of
analyzing the performance of a particular code, we evaluate the average error probability averaged
over a randomly constructed ensemble of codebooks. In this paper, we consider an i.i.d. discrete
ensemble in which each symbol of every codeword is drawn independently (and uniformly) from
a constellation set with u elements (e.g. for BPSK, u = 2) and power p. Note that for o7 =1, p
determines the SNR of the transmission. Although suboptimal, this choice of the random code
leads to tractable expressions once we introduce the asymptotic expansion of the RCUs bound.

For our setup, the RCUs achievability bound €, on € is given by

np—1ng—1
log U 1 — v 5
<ep =P (X Yeo H) <R 34
€1 < € ncnb+ncnb;;2( k0s Yi o, He) (34)

where U is a random variable that uniformly distributed on [0, 1] and independent of all other

quantities, and u,(z,y, h) is the so-called generalized information density which is defined as

[12]

e—s’y—im’Q
Ex [6_8|y_ﬁ)_(|2] 7

where X is independent and has the same distribution as X and s > 0 is an optimization

15(2;y, h) = log (35)

parameter that can be used to obtain a tighter bound.

There is no closed-form expression for the RCUs bound (34), in general. Therefore, we need
to evaluate it using numerical methods, such as Monte-Carlo simulations. Unfortunately, such an
evaluation can be extremely time consuming due to the low target error probabilities of interest
in URLLC. Next, we introduce an asymptotic expansion and a saddlepoint approximation of

(34) to compute it efficiently.

DRAFT



B. The Saddlepoint Approximation for Markov Chains

We first note that the RCUs bound in (34) can also be stated in the conditional form as

ew = Eppa [eub (H H, A)} (36)
where
- log U 1 &« . A
€un <h, h, A) —P +—3 3, (XM; Yies, hg> <RH=hH=hA=5| 37
NNy MMy —1 k=1
H = [Hy,...,H,,1]", and U is a random variable uniformly distributed over [0,1]. Here, given

h, h and d, X are conditionally i.i.d. in k, yet the same cannot be said for Y ,. As a result,
g <Xk’g; Yis, ilg) is also dependent in k. This is due to the imperfect synchronization as shown
in (30). Note that given A = ¢, all random quantities in (37) are conditionally independent in ¢.

When analyzing the error probability, we assume that the interference due to the imperfect
synchronization is always caused by the previous symbol, or equivalently D<Dand A=—-1
for simplicity.

Let by, be the enumeration of a state with two elements [xj_; ¢, xx ). Then,

P(Bi | Bi-1,0; - - - Box) = P(Be | Xi—1,6, Xi—2,0) (38)

= P(Bi¢ | Br-1,), (39)

which proves that By, , forms a Markov chain. Note that v,( X}, ¢; Yy ¢, Bg) in (37) can be expressed
as a function of By,; and Zj, 4. Also note that for our setup, the variable y;, , given in (30) depends
on both xj ¢ and z;_; , which means that y, , depends on both B;, and Bj_; ,, and it does not
depend on Bj_;, for k > ¢ > 2.

Let ¢,(¢) and k,(¢) be moment-generating and cumulant-generating functions of

o s <X k.t Yet, ﬁg) respectively; then
904(() — E e_C 225:1 s (Xk,ﬁyk,bh[) (40)

and r,(¢) = log(pe(C)). We also let

0

Q) =% ’Zéo (41)
and )
10

HO = ggiO. “2)
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Indeed, for ¢ = 0, w(0) and o2(0) correspond to the mean and variance of

o — s <leC o Yer, hg) respectively. We also let u(¢) = 70" m(¢), and o2(¢) =
S5  07(¢) which correspond to the mean and the variance of 7> ' STt~ (X kts Yo, ﬁg>
for ¢ = 0 respectively.

Before we introduce the saddlepoint approximation for (37), we first introduce the saddlepoint
approximation for the sum of a function of dependent random variables as (see [11, Ch-6] for
details): Assume for ¢ < ¢ < ¢, k¢(¢) and its first two derivatives exist for every £. If there
exists a ( < (¢ < ¢ satisfying —pu(¢)ns/(neny) = R, then for ¢ € [0, (]

ns—1np—1
ig S(X Y, ,h)<R
[nmeD Vi

k=0 (=0

~ O =nsCu(Q) [e 2 Q(ﬁc)] (43)
where S, = u\/n,02(C) and x(¢) = 327" ke(¢). For ¢ € ¢, 0]
np—1 ng—1
P[ncnb Z Z 1g (Xk g,Yk /s hg) < R

(=0 k=0

~ 1 — eflO—nsCu(C) {e 2 Q(ﬁg)} ) (44)

Here, compared to (37), we are missing a log U term inside the probability on the left hand side
of (43) and (44). How saddlepoint approximation should be updated to regarding for the log U
term is explained in [21, App. B] (also see [26, App. E]). Note that both in [21] and [26], authors
consider the tail of the sum of independent random variables. However, their methods can be
applied to the sum of dependent random variables as well. Thus, by following the same steps
from [21, App. B] in our setup, we obtain the saddlepoint approximation of (37) as follows:
Assume for ¢ < ( < ¢, ke(C) and its first two derivatives exist for every ¢ and let there be a

(in (< (< ¢ satisfying —pu(C)ng/(neny) = R. If ¢ € [0,1] then

. B2
€u (h,h,(5> ~ en(()*nsCu(C) {efQ(BC) +e 2 Q(ﬁl C):| (45)
If ¢ > 1, then
. (h’ i 5) o oA(D-mu0) [\I/nsu, 1) + ¥, (0, —1)} (46)
where
~ nso S 1 S
U, (an, ag) = et [-mn-nBe =50 0 [ /0y - 0@—"‘“( ) +nRY (47)
nso (1)
If ¢ <0, then

ew(h, b, ) & 1 — 7m0 {e*@(ﬁ_d—eﬁa Q(f1- §>+O(\/1n_s)] (48)
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Algorithm 2 Saddlepoint Approximation

1: Input : p, R, ng, ny, ny, Nuc

2. Output : €,

3 Draw (h;, h;,8;) fori =1,..., Nyc
4. for every (h,, fli,éi) do

5 Solve R = 7”2(—53" for ¢, denote solution by (*

6:  Compute x(C*), 5"(C¥)
7: Compute €, (h;, h;, d;)

8: end for

~

9 €p = Z?ﬂc €sp(hy, by, 6;)

~ Nuc

Pseudo-code for the saddlepoint approximation is given in Algorithm 2. The saddlepoint
approximation requires the existence of the MGF ¢(() and its derivatives. Due to the dependent
random variables we are dealing with in our model, the MGF and its derivatives cannot be
factorized, which is one of the main challenges here compared to the i.i.d. case. To tackle with
this problem, we next take advantage of the Markovian structure of our setup and provide a

practical method to evaluate the MGF.

C. MGF of the Sum of Information Densities

For the purpose of the derivations in this section, we assume that X_,; , takes a value from
the constellation. If the pilot symbols are selected from the same constellation, X_; , would take
a value from our constellation since the pilot transmission phase always takes place before the
data transmission. Even when this is not the case, it should be assumed that it takes a value
from the constellation, as it is crucial for the following derivations.

Let by, = 7 1s equivalent to having x,_1, = 4; ;¢ = t2 and let P, be the u? x u? transition

probability matrix for the Markov chain with entries {p;;/} as

Pijt =P(Bit1e=J | Bry =1) (49)
=P(Xit10 = Jo, Xio = J1 | Xiy = t2, Xp—10 = 1) (50)
= P(Xpy1,0 = Jo, Xio = J1 | Xio = i2) (51)
= P(Xpr1,e = j2) L(j1 = iz) (52)
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and v = [, ..., Vuz_l]T be the probability distribution of the initial state. Furthermore, we let
23(Q) = Bz [ (Xhetieh) | By, — j] (53)
— By [0 (neTiehe) | X — o, Xiore = i) (54)

P.(¢) be a u? x u? matrix with entries {p;;¢;.(¢)}, and

V() = [Yopor(C), - - s vuz—1puz—1.(Q)]". (55)

For our case, it is straightforward to show that Markov chain is irreducible and aperiodic, since

pz(% > 0, where pz(%

5

are the elements of P} for n > 0. Using these definitions, the moment

generating function of ZZ;}} 1 (Xk,g; Y e, ﬁg) can be found as

0i(C)=E -eC Dfeiry 7/5(Xk,l§yk,27i7fé>i| (56)
_ -eC’LS(XO’[;YO,gjL[>€C 225;11 s (Xk,é%yk,éjll)} (57)
_ _]E |:eCZs(XO,Z;YO,ZjU)eCZZS:_IlZg(Xk,HYk,biZl) ‘ Byy =1, an—l = ]]:| (58)
—E _]E [GCZS(Xo,e;Yo,eﬁe) ‘ Boy = 1”

X E[E[e¢ Dt (uatiche) | By, — i, B, 10 = | (59)
u?—1
— E[eﬁls(Xo,uYo,zﬁz) ’ By = Z] v
=0
u?-1u?-1
x Y B[S ) gy i B =) (60)
i=0 ;=0
u?—1 u?—1
=Y ielOvi Y Q™) ©1)
i=0 j=0
= (1(Q)" PUO™ e (62)

where pEZ}_l) and (p(¢ )(”5_1))“’ , are the ijth entries of matrices Pj* ' and P,(¢)™ " respectively,

e,2 is column ones vector with length u?, (59) follows since given By, eCZS(XO*‘-”Y“*’f’h") is

conditionally independent of e ZZZI%S(X’““Y“’M), and (61) follows from [11, Lemma 9.1.2]

ns—1 . 7 . . Ng—
(P(C)(ns_l))ij,z =E [6<Zk:1 s (X, 0i¥k e he) Boy=1,Bp_10=1] EM b, (63)

With this, we now have an efficient way of evaluating ¢,((), and as a result, we can evaluate

x(¢) and its first two derivatives efficiently.
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bre | Th—1,6 Tiye
0 | 20 L0
P IRV R )
N RO )
3 | L@ L@

TABLE I: The states for the Markov chain by, 4.

IV. EXAMPLE: BPSK CONSTELLATION

In this section, we show how the saddlepoint approximation of the RCUs bound for the
introduced system model can be efficiently evaluated when the data points xy, ¢ are selected from
a BPSK constellation. We assume the constellation points are z(!) = —,/p and z® = ,/p, and
as a result u = 2. Without loss of generality, we defined the states for the Markov chain b, as
in Table I.

We next show that ¢q(¢) = ¢3(¢) as

o0e(C) = Ey €<S|YM,EM<1>|Q (% <675|Ye7ﬁﬂ<1>|2 I es|Ygisz(2)|2>)C

‘Xk,ﬁ =W X1 =2V 64)
= L[ leocional (o nciasal i) apc) e
i G e W B IQ)C dF(z)  (66)
_ 2_1(; oCs[a® (=) 2] <6-8|x<2><hg—m>+2\2 + e—slsv@<he+fw>+2|2)C dF(2) (67)
:2_1C €<5|z(2>(he—ﬁ4)+2|2<€—8|x(2)(h4—fu)+z~‘2 +e—s|a:(2)(hg+iw)+z~|2)cdF(Z) (69)
_E, eCs|z(2)(hg—fLe)+Z‘22_1< (e—s!z<2>(hz—ﬁe)+z|2 + e‘$’$(2>(hf+ﬁff)+212>c

‘Xk,é = $(2), Xi—10= 95(2)] (70)
= @3(C) 7y
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where Z ~ CN(0,1), Z = —Z, F(z) is the CDF of Z and F(%) is the CDF of Z, which by
the definition of CDF F(Z) = F'(z). By following same steps, we can also show that ¢ ¢(¢) =

©2.(C) as
) A . ¢
‘Xk—l,e =W Xy, = x(z)] (72)
3 oot (b s sy o
_ 2—1< / el o e—slﬂfﬁf“ﬂ”‘z"zz’)C dF(z) (74
_ 2_1< egsyfufx(l)hﬁzf <675|7x¢7h2x(2>+Z|2 4 6,S|,Wh,v,x<2>+z|2) dF(2) (75)
¢
=E, @C5|Yk7g—}}m(1)+Z|2 <l <€_S|Yk,£—szﬂ?(1)+z|2 + €_S|Yk’£_iw$(2)+Z|2)>
2
’Xk—l,[ =z, Xk = x(l)] (76)
= p2,4(C) 70
where
To = he((1 — 0)zW + 02®) (78)
and (76) follows from
—& = he((1 = 6)2® + 520) | (79)

Assuming p;;, = 1/2 for all ¢, j and ¢, and v; = 1/4 for all 4, v,(¢) and P,(() are given by

] T
vi(¢) = wo,i(C) @1,2(() 901,51(() ‘Poﬁ(C)} (80)
_900+(<) <,01+(C) 0 0 |
0 0 2@ 0@
PO = | o0 o0 0 0 | (81)
2 2
p1.0(0) w09
0 0 = =]

Note that one of the required quantities for saddlepoint approximation is the cumulant r,(()

which requires the evaluation of P,(¢)™. Considering the specific structure of P,((), its
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eigenvalue decomposition can be computed straightforwardly. This decomposition can then be
employed for the efficient evaluation of P,({)™ as we show next.
Let V, be the matrix whose ith column is the eigenvector v; of P,((), and A, be the diagonal

matrix whose diagonal elements are the corresponding eigenvalues. Then P,(()™ = V, AV, *

with ) )
0 0 0 0
1 10 O 0 0
A?SZZW (82)
T 100 (0,e(C) — @r1,e())™ 0
00 0 (©0,e(¢) + @1,(¢))™ |
[ 4P1,/5(C) ]
0 —vig 11
vV 0 1 1 1 (83)
¢ = )
©0,¢(¢) .
T 9100 0 11
1 0 1 1

After simple mathematical operations r¢(() can be found as

rel€) = log((1e(Q)" Pe(¢)es ) (84)
— log ((v4(Q))" VeAp Ve (85)
= log (27" (@04(¢) + ¢1e(¢)™ ) (86)

To evaluate (44) we need 1,(¢) in (41) and o7(¢) in (42) which are given as

_ l (1 + HS)QDE),K(C) + 90/11(0
N (SETEWI(3 (87)

) 1] (00 (0h (O + 21 (0) (14 0@l () + ¢l (<)
- — | = 88
A e PO 1o B 13 LR (g BRI )
where
W;,Z(C) =E, %GSC|Y1€,Z—BM“2)+Z|2 <€—s|Yk,z—ﬁex(1>+Z’2 + e—s|Yk,g—ﬁN;(2>+Z’2>C < . log(2)

+ s

~ . 2 - 2 - 2
Yig — hex2) 4 Z‘ + log(e—s|Yk,£—hmc(l)+Z| 1 €-S|Yk,z—hm<2>+zl ))|Xk—1,€ = j1, Xpe = j2]

(89)
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and

©i(¢) = Eg

B Y U IR (uog(z»?
~ ) 4 ~ . 2
8 |Yie = hea® + 2| + 25 |Vip = hoa®) + Z( ( ~ log(2)
T e ) ) B (L Ry

+ 2log (e‘sfyk,e—ﬁw“)ﬂf 4 e—syyk,g_iw@)ﬂf) )

Xp—1,0 = J1, Xi = jz] : (90)

We may evaluate the ¢;,(¢) and its derivatives efficiently using numerical integration methods.
Also the pdf of u,(z; Y, ﬁg) for the BPSK case is given in Appendix B which can be used to

further simplify the numerical integration process.

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we report numerical experiments to shed a light to the following three questions:

1) How does the upsampling rate N affects the packet error probability?

2) In the URLLC regime, is the introduced saddlepoint approximation sufficiently accurate in

the presence of imperfect synchronization?

3) For a target packet error probability 105, how much should we increase the SNR to negate

the impact of imperfect synchronization? How does the number of fading blocks affect this?
To do so we have used a discrete ensemble with BPSK constellation for transmission, and
m-sequences as our pilot sequence. We also consider Rayleigh fading scenario where H, for
¢=0...,n — 1 generated independently from CN (0, 1) distribution.

In Fig. 3, we report the SNR required to achieve a packet error rate ¢ = 107° for R = 0.104
bit per channel use, n, = 8 and nyn. = 288 as a function of upsampling rates N. Here we see
that the improvement as we increased the upsampling rate is significant until N = 5, but after
that, the performance improvement as we increase N is negligible. In this figure, we also present
the results for the case in which pilot symbol sampling is not influenced by the data symbols.
As expected, the difference resulting from this effect is negligible.

In Fig. 4, we report the SNR required to achieve error probability ¢ = 107° for nyn. =
288 and R = 0.104 bit per channel used, as a function of the number of fading blocks ny,
spanned by each codeword. In this figure, we compared the results for the synchronization

algorithm applied independently to each fading block, the synchronization done jointly in fading
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—e— joint synchronization with data
—— joint synchronization without data
5.5 -e- perfect synchronization

10° 10! 10?
Oversampling Rate N

Fig. 3: Upper bound on the SNR required to achieve ey, = 1077 as a function of N. Here, npn. = 288, R = 0.104 bit per

channel use and np, = 8; np and s are optimized.

blocks, the case with the perfect synchronization but imperfect channel estimation, and the case
where the synchronization and the channel estimation are both perfect. As expected, performing
independent synchronization over the fading blocks deteriorates the performance greatly as more
than 2.5 dB loss is observed compared to the required SNR with joint synchronization algorithm.
Another interesting observation is that even with the perfect synchronization, the required SNR
to achieve ¢ = 10~° only differs by 0.6 dB at most compared to the required SNR when joint
synchronization is used for n, > 4. For the case with perfect synchronization and channel
estimation (black curve in Fig. 4), we used the number of pilot symbols n, that is optimized
for the cases of perfect synchronization and joint synchronization, respectively. These values
are the same for this set of parameters and the optimized n,’s are provided in Table II, for a
fair comparison. We observe that for n, > 12, having perfect channel estimation significantly
decreases the required SNR compared to perfect synchronization case. This is expected as we
increase ny, N, decreases, and as a result, the optimal n, decreases. Low n, causes deterioration
on channel estimation which has a significant impact on the error probability.

In Fig. 5, we report upper bounds on the packet error probability ¢ as a function of n, for
R = 0.104 bit per channel use, ny, = 2, n.n, = 288, N = 20 and p = 8.45dB. As in the previous
results, the saddlepoint approximation provide accurate results for a large range of n,. This is

of utmost importance because the parameter n, may not be optimized specifically to minimize
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]
?’.‘ -e- per block Sync SP approx.
4,:\; o per block Sync RCUs
\f‘\“-‘ joint sync SP approx.
151 u\, o joint sync RCUs
wly -+-  perfect sync SP approx.
Wy ° perfect sync RCUs
W\ -a-perfect sync.&channel RCUs
10 e L ,
e E G
z A
n L N ~ .
54 NN\\ ®- ol B TN ST °
RN
" g
.. e o
0 RS
_____________________ 1
75 T T T T

T T T
0 2 4 6 8 10 12 14 16 18 20 22 24
Number of fading blocks ny,

Fig. 4: Upper bound on the SNR required to achieve ey, = 1077 as a function of ny. Here, nyn. = 288, R = 0.104 bit per

channel use, N = 20; n, and s are optimized.

ny | Per block Sync n, Joint sync n, Perfect sync n,
2 31 31 31
4 15 15 15
8 15 15 15
12 7 7 7
24 3 3 3

TABLE II: Optimal number of n, for the data points in Fig. 4.

the packet error probability in every system. Therefore, the ability to utilize the approximations,

irrespective of the chosen value for n,, holds significant relevance.

VI. CONCLUSIONS

We have presented an efficient method to evaluate an upper bound on the error probability
achievable over memoryless block-fading channels, with a pilot assisted-transmission for channel
estimation and synchronization and nearest-neighbor decoding at the receiver. Our method is
based on the saddlepoint approximation which is novel for the case with imperfect synchro-
nization. Our numerical experiments show that the saddlepoint approximation can be safely
used to benchmark practically relevant URLLC systems. We have also observed that, depending

on the, synchronization method, the number of fading blocks and pilot symbols available for
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100 3
3 saddlepoint approx. °
<] RCUs
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Number of pilot symbols per fading block n,,

Fig. 5: Packet error probability as a function of n,. Here, p = 8.45dB, n, = 4, nyn. = 288, R = 0.104 bit per channel use,

N = 20; s is optimized.

transmission, the SNR required to achieve packet error probability 10~° non-negligibly increases.

Therefore, it is advisable to utilize the suggested approximation when assessing error probabilities

in URLLC optimization routines.

APPENDIX A
EVALUATION OF THE CRB OF CHANNEL AND DELAY ESTIMATE
We consider the problem of estimating the parameter vector 8 = [R{h”}, S{h”}, ] for the
received vector given in (14). The Fisher information matrix /(€) under the complex Gaussian

additive noise with zero mean and variance o2 can be found in [27, Ch. 15.7] as

_ 2.,[09"(68) 04(6)
where
@\ " w 7"
y® — [(Y(-)P ) - (Ynfq) } 92)
0(0) =E[Y "] (93)
_ T '
Oﬂia 1(Q7 €>T7 O{A(nb—i—&—l)] , 7 < MNp
0¢(0) : , T .
892 - _Og/lzﬂjl(Q7 E)Ta Oﬁ(nb—i—&-l)] , TNy S 1< 27’Lb (94)
r T
_h?—j, sy hnbt:ry] ) 7= 2nb
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vy=xn(g+1)" —x,n(q)" (95)

6., is the mth element of 6, and M is given in (13). Note that this bound only holds over a
deterministic realization of @, meaning that the expectation in the derivation is taken only over

the distribution of the AWGN Z, as seen in (14).

APPENDIX B

PDF OF THE INFORMATION DENSITY

Without the loss of generality, let us assume that the same mapping in Section IV is used.
For by ¢ = i1, 2], Hy = hy and H, = hy, Let 15(x; Yy, Bg) is shown as a function of the white
Gaussian noise Z as

26—8(|cz(i1,i2)—fzg:c(i2)+Z|2)
fip(Z) =log

(96)

efs<|cz(i1,z’2)fﬁgaz(1>+Z|2) 4 675<|0g(i1,i2)fﬁ51(2)+2|2>

where ¢(i1,12) = hg(Sx(il) + 6202)) and §=1—46.Fori=0 we get

foulZ) = 1og< ’ ) ©7)

14 e—s(]hg\/mhg\/mzf—]hg\/ﬁ—iu\/mzf)

2
=1 98
Og(1 + 6—5(|542+Z|2—51€+Z2>> ©8)
2
= log - - — 3 99)
1 + s (4vPRe{Z}Re{he}+Tm{ Z i {he}) +]diel*~ol7)
= log(2) — 1og(1 + 63(W(RE{Z}RW}Hm{Z}Im{m)H&dz,\a@)> (100)

where oy = hyy/p — ﬁg\/ﬁ and &y = hy\/p + iLg\/ﬁ. It is straightforward to show that f3,(Z) =
foe(Z) as well. In other words, whenever the consecutive symbols are matching, they can be

expressed by the same function. We next find f; ,(Z) as

2
Z) =1lo S S (101)
hlZ) & 1+es<|hg(6\/ﬁ§\/ﬁ)+hg\/ﬁ+Z|2|h5(6\/ﬁé\/ﬁ)h4\/ﬁ+Z|2)>

1 2 (102)

= 10 —

& 1 _|_€*8<|>\z+2|2*|>\e+z|2)
2
= log . . — - (103)
14 o (WVPRIEZIREG SIS e H e[ —1AcP?)

= log(2) —log (1 + 68(4\/ﬁ(%{z}%{’:‘f}+g{z}g{ﬁz})+|5\e|2l/\ﬂ)) (104)
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where A, = he(8\/p — 6,/p) — hey/p and Ny = hy(3\/p — 0\/p) + hu/p. As before, foo(Z) =
fre(Z).
To find the density of (100) and (104), we let Zz . ~ N (|Z]|* — |z|*, 8p|h¢|?). Then fo,(Z) =
fou(Z 5,5,) With
FoulZaya,) = log(2) — 1og<1 + eszdw> (105)

and similarly f; ,(2) = fljg(Z;\e’/\) with

fre(Zs, 5,) = log(2) — 1Og<1 + eszwe> . (106)

We next find the density using change of variables as follows.
Lemma 1: Let Z ~ N(u,0?), f(z) be an invertible function, h(y) = f~'(z) and the first
derivative of h(y) exists. Then, the pdf of f(Z) can be found as

( )_ 1 f(h(y) w?
gr\y) = /—27r<726

where h/(y) is the first derivative of h(y).

|7 (y)] (107)

After applying Lemma 1, pdfs of f;,(Z) and f; (Z) can be found as

(DD (a2 eyf?))
100l (108)

9fo.0(Zay.oy

—(——“g“’”""”(”*”—(W—WP))Q
160l (109)

1 1
e
- log(2)
o 16mp| 2 S~ €7
1 1

)(?J) =
'gfl Z( )‘Z )\é)<y) -

e
\/WS (1 — ev1oe@)

respectively which concludes our proof.
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